for \z I < 1, 0 ^ λ < 1 .
We propose to determine the values of R such that f(z) is univalent and starlike for \z\ < R under the assumption (i) Re(g(z)/z) > 0, or (ii) ΈLe(zg'(z)lg(z)) > a, 0 ^ a < 1.
We also consider the case when n = 1 and Re(#(z)/z) > 1/2 and show that under condition (a) /(#) is univalent and starlike f or \z \ < (1 -^)/(3 + X). 2 .
LEMMA 1 (2), (3) and (4) Proof. Proceeding as in the proof of Lemma 1, we have in view of (3) and a result of Goluzin [1] that for | z \ < 1
Using (3), the inequality (5) takes the form
Hence, in view of (2),
Equation (4) gives
and hence, by virtue of (3),
From (2) and (9),
The inequality (7), because of the last inequality, reduces to
and this completes the proof. We remark that in the case a = 0, the above lemma reduces to a result of MacGregor [2; Lemma 1] and the inequality (6) with a = 0, n -1, gives another result of MacGregor [2, Lemma 2] . If
and starlike for \z\ < R lfn , where
Proof. Let then h(z) is analytic and Re
where p(z) = ^(z)/z = 1 + δ w +i2 n + δ w+2 2; %+1 + -. Multiplying the logarithmic derivative of both sides of equation (10) by z we have
Equation (11) is valid for those z for which 1 -Xh(z) Φ 0 and | z \ < 1.
i; \ Now from equation (11), we have
and by using Lemma 2 with a = 0 and Lemma 4, this gives
Let I z \ n -t and consider the cubic polynomial G(t) for 0 ^ t ^ 1. G(t) has at most two positive zeros.
Since
2 < 0 and G(l) = AXn > 0, it follows that G(ίχ) = 0 for some t, such that 0 < t, < (1 -λ)/(l + λ) and G(t) > 0 for 0 ^ ί < t, and G(ί) < 0 for ^ < t < (1 -λ)/(l + λ). Hence Re (zf'(z)/f(z)) > 0 for those z for which only the inequality (13) is true. Now the inequality (13) holds if, in particular
or,
The last inequality holds if
Since f(z) is univalent and starlike for those z for which
we have that f(z) is univalent and starlike for \z\ < R lln , where R is the right side of (14).
If we put λ = 0 in Theorem 1 we obtain the following result which, when n = 1, reduces to a result of Ratti [5, Theorem 1] . 
If we let g{z) = zp(z), then by applying Lemma 1 with a -1/2 and n = 1 we have that p(2) = [1 + 2% (2)]~ι, where u(z) is analytic and ! u(z) |^1 for I 2 I < 1. Equation (15) 
Using Lemmas 2 and 4 with n = 1, we get
This inequality holds, in view of (5) 
< 2 I z I (1 -I z I I «(z) I) .
The last inequality holds, because of the original value of T(\z\), if
Since | u(z) | sΞ 1, the right side of inequality (17)
Hence inequality (17) holds, if in particular In view of the above and (19), it now follows that f(z) is univalent and starlike for | z | < (1 -λ)/(3 + λ) and this completes the proof. For λ = 0 the above result reduces to a result of Ratti [5, Theorem 2] and improves a result of MacGregor [2, Theorem 4] since Re (g(z)/z) > 1/2 does not necessarily imply that g(z) is convex [7] is univalent and starlike for
with A -2n
Proof. Proceeding as in the proof of Theorem 1 we get
Applying Lemma 3 (to zg'(z)/g(z)) and Lemmas 2 and 4 we get, (20) is greater than zero. The latter holds if
Let I z \ n = t and consider the quadratic G(t) for 0 ^ t ^ 1. Since
, it follows that G(ίi) = 0 for some t x such that 0 < t, < (1 -λ)/(l + λ) and G(t) < 0 for 0 ^ t < t t and G(ί) > 0 for t L < t < (1 -λ)/(l + λ). Hence f(z) is univalent and starlike for those z for which only the inequality (21) holds. Now the inequality (21) holds if
when a -1/2 and
when α: ^ 1/2, where A -2n + X + 1 -(2a -1) (1 -λ) and this completes the proof. If we put λ -0, n -1 and a -0 in the above result then we see that f(z) = z + X" =2 α^ under the modified hypothesis is univalent and starlike for | z \ < 2 -T/ 3 , a result obtained by MacGregor [2, Theorem 3] . On the other hand if λ = 0 and n -1, Theorem 3 reduces to a result of Ratti [5, Theorem 3] The functions
show that Theorem 3 is sharp at least for λ = 0 and arbitrary n, since the derivative of f(z) vanishes at Obviously every member of S(R) is univalent and starlike for | z | < R.
We now prove the following result. 
By hypothesis, h(z) is analytic and | h(z) | < 1 for | 2 | < 1 and hence by a result of Goluzin [1] we have that for | z \ < 1
and by Schwarz's lemma for | z | < 1 (24) I Λ(*) I ^ I 2 | .
If we let g(z) = zp(z), then we have from (22)
Hence, by using (24), we have
Let I z \ n = t and consider the cubic polynomial G(t) for 0 fj t ^ 1.
+ X -n ~ 1) | z Γ G(t) has at most two positive zeros. Since G(0) = (1 -λ) > 0 and G((l -λ)/λ) = -(n(l -λ)/λ 2 < 0, it follows that G(t,) = 0 for some t x such that 0 < t x < (1 -λ)/λ and G(t) > 0 for 0 ^ t < ί x and G(t) < 0 for some values of t between t x and (1 -λ)/λ. Hence Proof. Proceeding as in the proof of Theorem 4 we have
